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• MHD description
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The plasma components move with an apparent speed of 3-20c → the jet
points almost toward us and has V ≈ c

These plasma components travel on curved trajectories (helix?)

These trajectories differ from one component to the other
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• Compare radio- and X-emission ⇒ δ (Doppler factor)

• Superluminal apparent motion ⇒ βapp

From δ(tobs) ≡
1

γ (1− β cos θv)
and βapp(tobs) =

β sin θv

1− β cos θv

we find β(tobs), γ(tobs) and θv(tobs).

For the C7 component of 3C 345 Unwin et al. (1997) inferred that
it accelerates from γ ∼ 5 to γ ∼ 10 over the (deprojected)
distance range (measured from the core) ∼ 3− 20 pc. Also the
angle θv changes from ≈ 2 to ≈ 10o. (tobs = 1992 – 1993.)
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Polarization
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M87
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(left Global VLBI + VSOP, right Global VLBI)
Collimation in action (at approximately 100 Schwarzschild radii)!
In the formation region, the jet is seen opening widely, at an
angle of about 60 degrees, nearest the black hole, but is
squeezed down to only 6 degrees a few light-years away.
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MHD (Magneto-Hydro-Dynamic) description

• How the jet is collimated and accelerated? Need to examine
outflows taking into account

– matter: velocity V , rest density ρ0, pressure P , specific enthalpy ξc2

– electromagnetic field: E , B

• ideal MHD equations in special relativity:

– Maxwell: ∇ ·B = 0 = ∇×E +
∂B

c∂t
, ∇×B =

∂E

c∂t
+

4π

c
J , ∇ ·E =

4π

c
J

0

– Ohm: E +
V

c
×B = 0

– mass conservation: ∂(γρ0)

∂t
+∇ · (γρ0V ) = 0

– specific entropy conservation:
(

∂

∂t
+ V · ∇

) (
P

ρΓ
0

)
= 0

– momentum: γρ0

(
∂

∂t
+ V · ∇

)
(ξγV ) = −∇P +

J0E + J ×B

c

• The system gives B, V , ρ0, P .
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Integrals of motion
under the assumption of steady-state and axisymmetry

From ∇ ·B = 0

Bp =
∇A× φ̂

$
, or, Bp = ∇×

(
A φ̂

$

)

A =
1
2π

∫∫
Bp · dS

From ∇×E = 0, E = −∇Φ
Because of axisymmetry Eφ = 0.
Combining with Ohm’s law
(E = −V ×B/c) we find V p ‖ Bp.

ϖ

z r

θ

ẑ

Bp

ŷ

x̂

B

Bϕ
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Because V p ‖ Bp we can write

V =
ΨA

4πγρ0
B+$Ωφ̂ ,

ΨA

4πγρ0
=

Vp

Bp
.

The Ω and ΨA are constants of
motion, Ω = Ω(A), ΨA = ΨA(A).

• Ω = angular velocity at the base

• ΨA = mass-to-magnetic flux ratio

The electric field E = −V × B/c =
−($Ω/c)φ̂ × Bp is a poloidal vector,
normal to Bp. Its magnitude is
E = $Ω

c Bp.

Bp

A

∆

Bφ

E

Vφ

Vp
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So far, we’ve used Maxwell’s eqs, Ohm’s law and the continuity.

The entropy eq gives P/ρΓ
0 = constant of motion (entropy).

We are left with the momentum equation

γρ0 (V · ∇) (ξγV ) = −∇P +
J0E + J ×B

c
, or,

γρ0 (V · ∇) (ξγV ) = −∇P +
(∇ ·E)E + (∇×B)×B

4π

Due to axisymmetry, the toroidal component can be integrated to give the total
angular momentum-to-mass flux ratio:

ξγ$Vφ −
$Bφ

ΨA
= L(A)

X-RAY ASTRONOMY SCHOOL, NATIONAL OBSERVATORY OF ATHENS Nektarios Vlahakis, 19 September 2006



Poloidal components of the momentum eq

γρ0 (V · ∇) (ξγV ) = −∇P +
(∇ ·E)E + (∇×B)×B

4π
⇔

fG + fT + fC + f I + fP + fE + fB = 0

fG = −γρ0ξ (V · ∇γ) V
fT = −γ2ρ0 (V · ∇ξ) V : “temperature” force
fC = $̂γ2ρ0ξV

2
φ /$ : centrifugal force

f I = −γ2ρ0ξ (V · ∇) V − fC

 inertial
force

fP = −∇P : pressure force
fE = (∇ ·E) E/4π : electric force
fB = (∇×B)×B/4π : magnetic force
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Acceleration mechanisms
• thermal (due to ∇P ) → velocities up to Cs

• magnetocentrifugal (beads on wire - Blandford & Payne)

– in reality due to magnetic pressure
– initial half-opening angle ϑ > 30o

– the ϑ > 30o not necessary for nonnegligible P
– velocities up to $0Ω

• relativistic thermal (thermal fireball) gives γ ∼ ξi,

where ξ = enthalpy
mass× c2.

• magnetic

All acceleration mechanisms can be seen in the energry conservation
equation

µ = ξγ +
Ω

ΨAc2
$Bφ

So γ ↑ when ξ ↓ (thermal, relativistic thermal), or,
$Bφ ↓⇔ Ip ↓ (magnetocentrifugal, magnetic).
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The efficiency of the magnetic acceleration

IIII ϖ0

pB

Bφ

ϖΑ

pJ

ϖ

z

slow

, Vp

E

fast

Alfven

The Jp ×Bφ force strongly depends on the angle
between field-lines and current-lines.

Are we free to choose these two lines? NO! All
MHD quantities are related to each other and
should be found by solving the full system of
equations.

From Ferraro’s law (Vφ = $Ω + VpBφ/Bp) we get
$Bφ ≈ $2BpΩ/Vp. So, the transfield
force-balance determines the acceleration.
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II

dl

ϖ

z A A+dA

The magnetic field minimizes its energy under
the condition of keeping the magentic flux
constant.

So, $Bφ ↓ for decreasing

$2Bp =
$2

2π$dl⊥
(BpdS︸ ︷︷ ︸

dA

) ∝ $

dl⊥
.

Expansion with increasing dl⊥/$ leads to
acceleration
The expansion ends in a more-or-less uniform
distribution $2Bp ≈ A (in a quasi-monopolar
shape).
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Conclusions on the magnetic acceleration

II

dl

ϖ

z A A+dA

If we start with a uniform distribution the
magnetic energy is already minimum → no
acceleration. Example: Michel’s (1969)
solution which gives γ∞ ≈ µ1/3 � µ.
Also Beskin et al (1998); Bogovalov (2001) who found
quasi-monopolar solutions.

For any other (more realistic) initial field
distribution we have efficient acceleration!
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On the collimation

IIII ϖ0

pB

Bφ

ϖΑ

pJ

ϖ

z

slow

, Vp

E

fast

Alfven

The Jp ×Bφ force contributes to the collimation
(hoop-stress paradigm).
In relativistic flows the electric force plays an
opposite role (a manifestation of the high inertia
of the flow).

• collimation by an external wind (Bogovalov &
Tsinganos 2005)

• surrounding medium may play a role

• self-collimation mainly works at small
distances where the velocities are mildly
relativistic (Vlahakis & Königl 2003)
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For γ � 1, curvature radius R ∼ γ2$ (� $).

Collimation more difficult, but not impossible!

$

R
= −$

∂2$

∂z2

(
Bz

Bp

)3

∼
($

z

)2

Combining the above, we get
γ ∼ z

$

The same from

(t =)
z

Vz
=

$

V$
⇔ z

c
=

$√
c2 − V 2

z

≈ $

c/γ
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Summary
• assume

– axisymmetry (∂/∂φ = 0 , Eφ = 0)

– steady state (∂/∂t = 0)

• introduce the magnetic flux function A($ , z)
(A = const is a poloidal field-streamline)

• the full set of ideal MHD equations can be partially integrated to yield five
fieldline constants:
① the mass-to-magnetic flux ratio ΨA(A)=

4πρ0γVp
Bp

(continuity equation)
② the field angular velocity Ω(A)=

Vφ
$ − ΨA

4πγρ0

Bφ
$

(Faraday + Ohm)
③ the specific angular momentum L(A)= ξγ$Vφ −

$Bφ
ΨA

(φ̂ component of momentum equation)
④ the total energy-to-mass flux ratio µ(A)c2= ξγc2 −

$ΩBφ
ΨA

(momentum equation along V)
⑤ the adiabat Q(A)≡ P/ρΓ

0

(entropy equation)

• only one equation remains, the transfield force-balance
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